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K9 optical glass is increasingly used in many sectors such as 
aerospace, microelectronics and information technology because of 
its excellent characteristics of high mechanical strength, abrasive 
resistance, optical transparency, great stability etc. [1]. Ductile regime 
diamond grinding initiated by Bifano et al [2] is a major processing 
step for K9 glass in the manufacturing chain and they proposed a 
theory equation to calculate the brittle-ductile critical transition depth. 
However, grinding process will still inevitably introduce subsurface 
damage (SSD) which has to be removed by the following time-
consuming polishing process as the SSD will significantly degrade 
the surface quality and transmission of light. In the past, research was 
mainly focused on the material removal mechanism and prediction of 
SSD during grinding of K9 glass. Leng [3] researched the crack 
morphology of K9 glass by series of grinding experiments and 
established a model to predict the crack depth based on grinding force 
and surface quality. Zhang et al [4] investigated the critical depth of 
cut for K9 glass by varied cutting depth in nano-scratch experiment 
and calculated the depth of brittle-ductile transition by the value 
measured from experiment. Besides, they also developed a prediction 
model for SSD in grinding K9 glass by theoretical derivation and the 
validity is verified by their grinding experiment [5]. Wang et al [6] 
researched the influence of ultrasonic assisted machining for K9 glass 
and proposed a model to predict SSD of K9 glass in rotary ultrasonic 
face milling. Guo et al [7] established a cutting model of K9 glass by 
using smoothed particle hydrodynamics method and found the critical 
cutting depth varied with different tool shape and speed.  
Crack propagation is a major step to form the SSD. 
Understanding mechanism of crack propagation during grinding K9 
glass is important to develop measure to mitigate the SSD. However, 
crack propagation is a dynamic and complex process due to the 
involvement of interactions of multiple diamond grains and work 
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In order to study the mechanism of crack propagation, the varied cutting-depth scratch experiment is carried out and 
smoothed particle hydrodynamics (SPH) simulation method is used to assistant the investigation. The SPH simulation results 
reveal that crack will propagate in the direction where stress concentration exceeds the fracture toughness of K9 glass. The 
initial crack length in critical transition depth is calculated by combining the critical stress of fracture and the fracture 
toughness of K9 glass. Based on the effective plastic strain, the relation between scratching depth and crack depth is 
obtained. The recovery of crack tip is found and explained from the relationship between cutting depth and crack depth. 
Using the energy balance theory of Griffith, the variation of material internal energy is revealed. Comparing the scratching 
forces obtained from experiment and simulation, the validity of simulation results is verified. The phenomenon of crack 
delayed propagation is found in both experiment and simulation. The explanation of mechanism is given. 
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crack propagation in grinding experiment. 
On the other hand, single grain scratching experiment can reveal 
the fundamentals of the machining process through eliminating the 
influence of interference from other abrasive grains in the grinding 
process. To capture the transient dynamic crack propagation, a mesh-
free method—smooth particle hydrodynamics (SPH) has been 
introduced and approved to be an effective method to simulate the 
single grain scratching process by some researchers. Morten et al [8] 
proposed the SPH method can be used in metal and gave the 
parameters of material model. Amir Mir et al [9] using SPH method 
to research the influence of tool wear on ductile to brittle transition in 
single point diamond turning and the conclusion has been verified by 
experiment. Guo et al [10] investigated the distribution law of stress 
and strain for KDP using different indenters loading by SPH 
simulation method and the validity was verified by indentation 
experiments. 
In this paper, single diamond grain scratching experiment with the 
assistant of SPH simulation is carried out in order to gain an in-depth 
understanding of crack propagation mechanism of K9 glass. 
 
2. SPH Simulation Model and Scratching experiments 
 
2.1 Fundamentals of SPH 
Lucy et al. [11] first proposed SPH method in 1977 as one of non-
grid numerical simulation methods. Nowadays, it has been widely 
used in the domains of aviation, optical instrument, automobile 
manufacturing, petroleum engineering. The key theory of SPH 
method is interpolation algorithm. Arbitrary macro-variable such as 
density, temperature, pressure can be represented as the form of 
integral interpolation by virtue of a group of unordered point. Using 
core estimated value of scalar field at one point provided by 
interpolating function it can represent particle movement information. 
The approximate function of particle at i  point can be expressed as 
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Where
j is the density of particle j ( j =1,2,…, N ), N is the 
number of particle, j is in the support domain, 
jm is the mass of 
particle j , h is smoothing length and it changes with time and space. 
W is the core function as illustrated in Fig. 1. It is defined as: 
( , ) ( ) ( )dW x h h x x                              (2) 
 
Fig. 1 Kernel function 
Where d is space dimensionality. The auxiliary function   use a 
cubic spline function which can be expressed as 
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Where C  is a constant. 
 
2.2 Modeling of single-grain scratching process for K9 Glass 
The tip radius of indenter used in experiment is 10μm and the 
indenter contact with K9 glass part is nearly sphere in tip during 
scratching process. Furthermore, the research focuses on the process 
of crack propagation. Therefore, the diamond grain is simplified as an 
ideal spherical rigid body, shown in Fig. 2. The radius of diamond 
rigid grain is 8μm. Its density is 3.51 g/cm3 and elastic modulus is 
1.141 GPa. The Poisson’s ratio is 0.07. For saving computation time 
and ensuring correctness of simulation, the workpiece of K9 glass is 
designed as a cube with dimension of 50μm×20μm×30μm. The 
number of particles in the SPH model is nearly 500,000. The 
scratching depth is from 0 μm to 5μm and the scratching speed is 
1m/s in simulation. The SPH model is constructed by using LS-
PrePost. 
Fig. 2 SPH model of single grain scratching 
K9 glass is a kind of hard-brittle material and large-strain 
damage is in existence in the process of machining. Johnson-
Holmquist Ceramics model (JH-2), Johnson-Cook model (JC) and 
Zerilli-Amstrong model (ZA) are appropriate to large-strain and 
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Where A is the yield stress, B is the strength coefficient, C is the 
strain rate coefficient, n is the strain hardening coefficient, m is the 
thermal softening coefficient [12]. 
The constitutive equation of ZA model has two different forms 
depending on the structure of material such as FCC and BCC. The 
two kinds of material structures can be described as: 
0 1 3 4 5exp( ln )]
nC C C T C T C           (BCC)         (5) 
0 2 3 4exp( ln )C C C T C T             (FCC)         (6) 
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Where C0 to C5 and n are six materials constants. 
The strain rate, temperature effect such as work hardening, strain-rate 
hardening and thermal softening are considered in JC model and ZA 
model [13,14]. This model is appropriate for metal simulation and has 
been widely used [15,16]. 
The JH-2 model is used as the constitutive model to study the 
damage during machining processes and the accumulation of 
compression failure. The model of non-dimensional strength can be 
expressed as: 
* * * *
f( )i iD                                   (7) 
Where *
i  is the intact material of equivalent stress with non-
dimensional, *
f  is the destructive equivalent stress of material with 
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Where 
p is the equivalent plastic strain increment, 
f
p is the 
equivalent stress of plastic failure [17]. The marerials constants in the 
JC model, ZA model and JH-2model have variations because of 
differenet determination methodologies. The constants in JC and ZA 
model are considered the influence of temperature [18], but the 
constants in JH-2 model are defined in room temperature because the 
temperature have no influence on the brittle materials almostly. The 
variations will become a source for prediction errors in modeling 
work.  
In the process of single grain scratching, the K9 glass is removed by 
non-damage plastic deformation firstly, then removed by compression 
fracture damage. Therefore, JH-2 model is appropriate for used to the 
simulation of K9 glass. Material properties of K9 glass are shown in 
Tab.1. 
Tab. 1 Material properties of K9 glass [19] 
Parameters Value 
Density/(g·cm–3) 2.52 
Young modulus(GPa) 82 
Poisson ratio 0.21 
Shear modulus(GPa) 30.4 
Tensile strength (GPa) 0.15 
Fracture toughness(MPa·m1/2) 2.63 
Vickers hardness Hv (N/mm2) 7120 
Hug elastic limit(GPa) 5.95 
 
2.3 Scratching experiments 
K9 glass samples used in the scratching experiment were 
prepared by double-surface polishing to obtain good surface quality 
and flatness on both sides. Its dimension is 25mm×25mm×5mm. The 
average surface roughness Ra is 1.002nm in the field of 
140.66μm×105.49μm measured by a Zygo white light interferometer, 
as shown in Fig.3. 
 
Fig.3 The original surface morphology before scratching 
The scratching experiment is taken place on a three-axis ultra 
precision diamond turning machine, as shown in Fig.4a.The 
scratching tool is a diamond cone indenter. Its geometrical parameters 
are shown in Fig.4b. It is fixed on the aerostatic spindle which has 
been locked into position to present any motion during the scratching 
process. The K9 workpiece is installed on a Kistler dynamometer 
which is mounted on an aerostatic bearing slide. The displacement of 
indenter is recorded by displacement sensor. The scratching speed of 
indenter is kept at 0.1m/s during the scratching process. 
 
Fig.4a Scratching experiment set-up 
 
Fig.4b Geometry of indenter 
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The procedure of scratching experiment is illustrated in Fig.5. In 
the process of scratching, the work surface will firstly experience 
elastic deformation and then plastic deformation, although the elastic 
rebound is still in existence. When the scratching depth goes beyond 
the critical transition depth, the brittle fracture will occur. In the 
scratching experiments, the scratching depth will be increased from 
0μm to 20μm in a scratching length of 1000μm. 
 
Fig.5 Schematic diagram of scratching procedure 
3. Results and discussions 
 
3.1.SPH simulation results 
Fig.6 shows the snapshots of SPH simulation and variation of 
scratching forces under scratching depths of 1.65 μm and 3.9 μm 
respectively. When the tool contact with K9 glass, brittle fractures can 
be clearly observed in both cases. Based on the ductile-brittle 
transition theory proposed by Bifano et al. [2] the critical cutting 
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Where E is the elasticity modulus, H is the hardness, KIC is the 
fracture toughness of the work materials. β is a constant depending on 
the cutting conditions. β is about 0.15 when cutting hard-brittle 
materials. According to Eq.6, the critical depth dc is calculated as 
0.2μm. The critical depth of cut for K9 glass researched by other 
researchers is about 0.3-1.5μm [5,20]. This is the reason why crack 
appears.  
The initiation crack generated at the scratching depth of 1.65μm 
observed in plastic strain distribution (as shown in Fig.6(a)). Due to 
using spherical diamond tool, the scratching process can be regarded 
as a cutting process under a large negative rake angle cutting tool, 
which will restrain the occurrence of crack to a large extent. At 
scratching depth of 3.9μm (as shown in Fig.6(b)), the crack can be 
clearly observed to propagate along a direction of 45° to the 
scratching direction. It is because when scratching depth less than 
critical depth, the scratching force have little difference in normal and 
tangential direction. The resultant scratching force of tangential force 
and normal force caused the stress concentration in that direction 
exceed the fracture toughness of K9 glass. The variation of scratching 
force and scratching depth is shown in Fig.6(c). It can be seen that the 
normal force is larger than tangential force but they both increase 
with the increasing of depth. After a peak value is attained, scratching 
force has a trend to decrease until it reaches a steady value. 
 
 
(a). Scratching depth, 1.65μm 
 
(b). Scratching depth, 3.9μm 
 
(c). Scratching force with depth 
Fig.6 Simulation results 
3.2. Crack propagation mechanism 
 
3.2.1. Initial crack length 
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In scratching experiment, it is difficult to capture the transient 
crack propagation process. Therefore, the SPH simulation is used to 
analyze the mechanism of crack propagation.  
The contact area of diamond grain and workpiece can be seen 
approximately as a circular area, when the initiation crack is 
generated (as shown in Fig.7). As the diamond grain is set as a rigid 









                                     (10) 
Where l  in Eq.7 can be calculated as: 
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Where
pa  is the cutting depth 1.65μm and r is the radius of 
diamond grain 8μm. Therefore, the contact areas
cA can be calculated 
as 220.73cA m . The normal force nF in this scratching depth is 
36.7993mN  and the tangential force 
tF  is 14.9373mN .The friction 
coefficient in critical depth can be calculated as : 
tan t nF F                                     (12) 
Where α is the angle between 
nF and tF . The friction coefficient in 
critical depth is about 0.4. The resultant force 
rF  is 39.7154mN . 
The average stress of critical depth in contact area can be expressed 
as 
a r cF A                                           (13)  
 
Fig. 7 Schematic diagram of contact area 
According to the theory proposed by Lee [21], the maximum 
Hertzain stress equals to 1.5 times of average stress. It assumes the 
maximum Hertzain stress appears in critical brittle to ductile 
transition condition. Therefore, the critical stress of fracture can be 
obtained as: 
1.5m a c                                           (14) 
The 
ICK  of brittle material can be expressed as: 
IC cK Y a                                         (15) 
Where Y is shape coefficient of crack. σc is the critical stress in Eq. 
13 and 2a is the length of initial crack. According to the mechanics of 
fracture, the crack generated by tensile stress in the vertical crack 
surface direction is called opening mode crack [22] and Y is 1. 
Therefore, from Eq.15, the crack length a can be calculated as 
 
2
/IC ca K                                 (16)                         
In this case, a is 0.26μm and the initiation crack is 0.52μm, which 
means when the stress reaches the fracture toughness, the crack will 
grow to 0.5μm directly. This phenomenon indicates that the core 
crack was in existence interior K9 material and the strength of 
material is decreased dramatically when the crack is generated. 
 
3.2.2. Effective plastic strain 
The plastic strain distribution is obtained during the scratching 
process, as shown in Fig.8. When the scratching depth is 3.9μm, the 
crack is generated apparently. The depth of crack is 8.35μm about two 
times of the scratching depth. With the increase of scratching depth, 
the depth of crack propagation increased faster than scratching depth. 
Its growth direction has changed to downward as shown in Fig.8. The 
stress in normal direction is larger than horizontal direction, which 
prompts the crack growth downward. When the scratching depth 
reaches the maximum depth of 4.8μm, the depth of crack is about 
11.7μm and the crack propagation direction is almost along the 
normal direction. After scratching process, the crack depth has grown 
to 12.2μm and some micro cracks are also generated at the bottom of 
scratch. 
 
Fig. 8 Effective Plastic Strain 
 
3.2.3. Energy analysis 
From macroscopic, the crack is generated and grown by stress 
concentration at the bottom of the scratch, which exceeds the fracture 
toughness of material. According to the energy balance theory 
proposed by Griffith [23], the energy of whole system is consisted of 
four parts: the work of applied loadings WL, potential energy of strain 
UE, free surface energy Us, kinetic energy Uk. It can be described as: 
( )L E s kU W U U U                              (17) 
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As shown in Fig.9, after the crack starts to generate, the energy 
of K9 glass workpiece reaches the maximum value. However, this 
status is unstable. With the propagation of crack, the whole energy is 
decreased to a steady status. The reason is that the crack propagation 
will release and transform a part of energy into surface energy of 
newly formed crack surface. From the microscopic viewpoint, the 
crack propagation is due to the extra energy exceeding the 
intermolecular chemical bond energy of material. The bond energy is 
the intrinsic property of material, but the existence of flow in material 
will weaken the strength of material greatly. 
 
Fig.9 The variation of K9 material energy in scratching proces 
3.3. Crack delayed growth 
In SPH simulation process, the phenomenon of crack delayed 
growth was observed. This phenomenon was firstly found by 
Obreimoff based on mica cleavage experiments [24] where they 
found that the crack propagation did not reach stable status 
immediately, but few seconds after, which indicated the importance of 
chemical kinetics in crack propagation process. In the SPH simulation 
when scratching depth reached the maximum value, the median crack 
did not stop growing but continued to grow to a steady status after 
scratching. This result has been verified by the scratching experiment. 
The relation of the cutting depth, crack depth and material energy are 
shown in Fig.10. The initiation crack was generated when the 
scratching depth of 1.65μm. Crack grew faster than scratching depth. 
From point 1 in Fig.10, with the increasing of scratch depth, the 
material energy reached a peak vaule because the crack did not grow 
in this depth. When the scratching depth reached the maximum depth 
of 4.8μm, the crack depth was 11.7μm as shown in point 2 in figure. 
The crack continued to increase until it reached to a maximum value 
of 12.8μm with the material energy decreasing rapidly to 0. With the 
recovery of crack, the maximum depth of crack maintained at 12.2μm 
and the materila energy reached negative value. This phenomenon is 
because it takes time for stress to conduct through the material and 
the variation of internal energy can be verified this explanation. 
The model of depths of median crack proposed by 
Lambropoulos et al. [25] was used to evaluate the SPH simulation. It 
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Where cm is the depth of median crack, E is Young modulus,   is 
the tip angle of indenter, Hv is the Vickers hardness, m and αk are 
dimensionless factors. The model shows that the depth of median 
crack is determined by normal force and shape of tool only. In this 
research, m is set as 1/3 [26], αk=0.027+0.09(m-1/3). The maximum 
value of Fn obtained in SPH simulation is 50.1mN. The median crack 
cm can therefore, be calculated as 12.6 μm. The Lambropoulos model 
didn’t consider the recovery of crack tip. It results in a slightly larger 
estimated depth of median crack than the simulated value of 12.2 μm. 
However, the accuracy of SPH simulation has been approved.  
Fig.10 Crack depth, scratching depth and material energy 
As illustrated in Fig.11, Lawn et al. [27] believed that lateral 
crack to analyze the subsurface damage. The median crack was 
generated in the loading process while the lateral crack was generated 
in unloading process. This has been approved in the SPH simulation 
shown in Fig.12. 
 
Fig.11 Indentation schematic diagram 
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The lateral crack was observed to generate at section A-A when 
the diamond tool passed the K9 glass surface in unloading process. At 
section B-B surface, the diamond tool was scratching the K9 glass 
surface which can be deemed as the loading process. Median crack 
growth was observed to appear on this surface section. The Fig.13 
showed the distribution of Von Mises stress after scratching. The 
residual stress influence depth is about 11.15μm, which is shallower 
than median crack depth. This indicates that the stress can be released 
at the end of crack but still exist in the region of scratched surface. 
The growth of crack can lead to the stress relief in the near region. 
When the diamond tool passed the work surface, high residual stress 
is generated at the edge of workpiece. 
 
Fig.12 Plastic strain in scratching process 
 




4. Validation of SPH model 
The validation of SPH model is verified by comparison of the 
scratching forces. Fig. 14(a) shows the scratching forces obtained by 
experiment and Fig. 14(b) is simulation forces. In the experiment, the 
international system of units is used. However, restricted by the 
model size and scratching depth, the units are μg-μs-μm in simulation. 
It can be seen that the shape of normal force and tangential force is 
similar with each other and they all have the same variation tendency. 
Besides, the ratio of tangential force and normal force is less than 1 in 
both scratching experiment and simulation results.  
 
（a）Experiment scratching forces 
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(b)  Simulation forces 
Fig.14 Comparison of scratching forces obtained by experiment 
and simulation 
The surface topography of scratch is measured by laser 
scanning confocal microscope, as shown in Fig.15. The plastic 
deformation is observed at first, then the median crack and lateral 
crack can be observed, which indicate the brittle fracture occurred. 
The microcrack is existence on both sides of median crack. The 
surface topography obtained in scratch experiment is accord with 
the SPH simulation results, which verify the validity of simulation 
results.  
 
Fig.15 The surface topography after scratch 
The validity of simulation results can be further verified by 
scratching experiment through the so-called crack delayed 
phenomenon. The phenomenon of crack delayed propagation was 
observed by high-speed camera in the scratching experiment. In 
Fig.16(b), after scratching, the median crack can be observed clearly 
and having no lateral crack can be observed. But the lateral crack 
grows immediately after scratching. The speed of lateral crack 
propagation is great fast at first 10 seconds (Fig.16(c-f)), after that, it 
was slow down and tended to reach static status. About 20s(Fig.16(g)), 
the morphology of crack had almost no change. The crack 
propagation process in experiment identified with the simulation 
process. 
 
Fig.16 Crack delayed propagation 
 
5. Conclusions 
In this paper, the crack propagation process in K9 glass is 
investigated by both scratching experiment and SPH simulation. 
The conclusions can be drawn as follows: 
 (1) The direction of crack propagation is determined by 
scratching force and scratching depth. Crack will propagate in the 
direction where stress concentration exceeds the fracture 
toughness of K9 glass. The initial lateral crack length can be 
calculated by combining the critical stress of fracture and the 
fracture toughness of K9 glass, which proposed a method to 
calculate the length of lateral crack.  
(2) The reversibility of crack growth is discovered in K9 glass. 
This phenomenon can be observed from the relationship between 
scratching depth and crack depth. The reason about the 
reversibility of crack growth is given. The variation of material 
internal energy in scratching process can be revealed based on 
energy balance theory. Based on the energy, the removal form and 
crack generation can be predicted.  According to the internal 
energy of material, the point of crack generation can be obtained. 
(3) The phenomenon of crack delayed propagation is found in 
both experiment and simulation. The mechanism is explained that 
the stress concentration in material is accumulated gradually in 
scratching process and it takes time to conduct the stress in K9 
glass.  
(4) Comparing the scratching forces obtained in experiment 
and simulation, the similar shape and tendency can be observed 
clearly. The surface topography is consistent with the deformation 
form of K9 glass in simulation process. The variation of 
scratching morphology further verifies the existence of crack 
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